Diversified customer demands are raising importance of just-in-time and agile manufacturing much more than before. Accordingly, introduction of mixed-model assembly lines becomes popular to realize the small-lot-multi-kinds production. Since it produces various kinds on the same assembly line, a rational management is of special importance. With this point of view, this study focuses on a sequencing problem of mixed-model assembly line including a paint line as its preceding process. By taking into account the paint line together, reducing work-in-process (WIP) inventory between these heterogeneous lines becomes a major concern of the sequencing problem besides improving production efficiency. Finally, we have formulated the sequencing problem as a bi-objective optimization problem to prevent various line stoppages, and to reduce the volume of WIP inventory simultaneously. Then we have proposed a practical method for the multi-objective analysis. For this purpose, we applied the weighting method to derive the Pareto front. Actually, the resulting problem is solved by a meta-heuristic method like SA (Simulated Annealing). Through numerical experiments, we verified the validity of the proposed approach, and discussed the significance of trade-off analysis between the conflicting objectives.
Introduction
Under rapidly changing market demands and global competition, recent manufacturing has been required to meet highly customer satisfaction and shorter production lead time. This emphasizes the importance of just-in-time and agile manufacturing much more than before. To cope with such circumstances, assembly line is shifting to the mixed-model assembly line where multiple models are to be produced steadily every cycle time. Thereat, low inventory level and high operating rate should be achieved by efficient production management with sequencing.
The sequencing is an important operation that affects on the efficiency of management of the mixedmodel assembly line. For relevant sequencing on the mixed-model assembly line, one of the major aspects is to level out the workload at each workstation against variations of assembly time per product model. Another important goal is to keep the usage rate of every part constant at the assembly line. Accordingly, to maintain production balance and to prevent line stoppage, Work-In-Process (WIP) inventory is required between the consecutive lines. For example, supposing the mixed-model assembly line and its preceding paint line in the car industry, we notice it is essential for an efficient production operated in different manners to concern the following aspects.
(1) reduction of the setup time at the paint line (2) reduction of the WIP inventory between the processes (3) steady and stable smoothing production (leveling the workload and smoothing the part usage) at the mixed-model assembly line However, there exist trade-offs among the above goals. For example, if we try to reduce the volume of WIP inventory, the line stoppage would likely occur to keep the smoothing production and vice versa.
In this paper, we consider a sequencing problem at the mixed-model assembly line to achieve reduction of the WIP inventory and the line stoppage at the same time. Then, we formulate the sequencing problem as a two-objective integer programming problem, and propose a practical method for analyzing the resulting problem. To work with the problem, we take the weighting method to engage in multi-objective analysis and the meta-heuristic method like SA (Simulated Annealing) to solve the resulting problem. Through numerical experiments, we validate the effectiveness of the proposed approach.
The rest of this paper is organized as follows: Section 2 reviews the previous studies. Problem formulation is stated in Section 3. In Section 4, we outline the solution methods generally. Section 5 shows experimental results to validate the efficiency of the proposed method. Finally, we summarize our conclusions in Section 6.
Reviews on Mixed-model Sequencing Problem
In the mixed-model production sequencing, one of the two major goals is to level the workload at each workstation on the assembly line against the different assembly time per product model [1] . Another one is to keep the constant usage rate of every part at the assembly line [2] . Therefore, concerns about these two goals have been widely discussed in the literatures. For examples, the workload-leveling problem was addressed by Okamura and Yamashina [3] . Yano and Rachamadugu [4] considered the problem that aims at minimizing the risk of assembly line stoppage. Sumichrast and Russell [5] discussed the partsusage smoothing problem. Problem to attain these two goals simultaneously was discussed by Korkmazel and Meral [6] . Moreover, Rahimi-Vahed et al. [7] developed a multi-objective scatter search algorithm for solving a multi-objective sequencing problem under three objectives, i.e., minimizing total utility work, total production rate variation, and total setup cost.
As represented by the car industry, there are many processes equipped a lot production like the paint line preceding to the continuous mixed-model assembly line. Such paint line takes commonly the lot production to reduce the setup time or cost necessary for the mixed-model production. In addition, there likely induces a time gap between the preceding lot production and the following smoothing production due to the different manners regarding the product supply. This causes the line stoppage at the mixedmodel assembly line operated by the smoothing production when the paint line is unable to supply continuously the half-products to the descendent assembly line. This is why a large volume of WIP (Work-InProcess) inventory becomes necessary in the buffer located between these two lines to prevent the line stoppage.
Associated with the difference of the production manners mentioned above, Nagamoto and Morito [8] proposed to install two paint lines in order to realize simultaneously the lot production for the paint line and the smoothing production for the assembly line. As a drawback, however, this approach expands the investment cost due to the additional installation.
On the other hand, Monden [9] introduced the individual sequencing method for the paint line and the assembly line to correct the sequence disturbed by defective half-products in the paint line. This method requires the storage facility or buffer that adjusts the sequence of product injection at the assembly line.
From this review, we know the previous studies are insufficient to resolve the generic problem on the sequencing at the mixed-model assembly line. It is more relevant to engage in the trade-off analysis of the coupled process under the substantial goals like reduction of the volume of WIP inventory and the line stoppage. However such idea has been rarely formulated as multi-objective optimization problem.
Problem Formulation

Mixed-model Assembly Line with
Painting Line Fig. 1 shows a mixed-model assembly line including a paint line where each product is supplied from the preceding body line. The paint line is composed of main painting, sub-painting and check processes. Re-painting repeats the main painting twice for high grade products. The defective products are put in the buffer after correction. From the buffer, necessary amounts of product are taken out in order of the injection sequence at the mixed-model assembly line. It is equipped with K workstations operated with equal cycle time (CT ). Workers assemble the parts into the product at each workstation when the product has arrived in front of the worker. Hence every production period, the earliest expected starting time at k station in t injection period is given by (t + k − 2)CT , and the necessary completion time becomes ideally K · CT every production period. For simplicity of notation, the painting process (buffer) is viewed as a workstation (k = 0) proceeding to the workstation 1 (k = 1). (3) and (4), structure of the problem is depicted as Fig. 2 . Except for n = 1, since the problem structure is same, the following formulation is developed without noticing the particular production period as long as that does not cause any confusions. 
Two-objective Sequencing Problem
The sequencing problem under consideration is formulated as follows:
The objective functions f 1 (z) and f 2 (z) correspond to the average line stoppage time and the average volume of WIP inventory, respectively. Here, z denotes a vector whose component is given by a binary decision variables z t i that takes 1 if the product model i is supplied to the assembly line at period t, and otherwise, 0. Therefore, the sequencing becomes like 2,1,I,...,3 in the case of Fig. 3 , for example.
On the other hand, the cumulative amount of product model i till t, x t i is given by Among the constraints, Eq.(1) requires that each demand d i of totally I kind of product must be satisfied every injection period T while Eq. (2) requires that only one product model is possible to be shipped to the line every period. Moreover, Eq. (3) shows that total idle time of worker should be upper bounded (W u ). The idle time of workstation k at injection period t is given as follows.
where g k j denote a processing time of product model i at workstation k, and t(n − 1) injection period at the preceding period. In the following, let us describe some key terms involved in the above formulation. Figure 4 illustrates a situation where the part shortage occurs at the workstation k when the quantity of part m used ( i a k im x t i ) exceeds its ideal quantity (r k m t) at period t. According to this idea, the line stoppage time, P t k is given as follows:
Line stoppage due to part shortage
where a k im is the quantity of part m required for product model i, and r k m denotes the ideal usage rate of part m. Hence in the first term, the numerator represents the difference between the actual rate and the ideal one. Here, the average usage rate of parts m is given by
where M is the maximum number of parts used on the workstation. different workload is put into workstation k along the injection period. We assumed that only for the consecutive injection periods, the leveling of workload is carried out in forward direction as shown in the figure.
Line stoppage due to line imbalance and Idle time of worker
If there still exists excess workload, the line stoppage occurs according to it. Apparently, we can ignore these factors at the painting line (k = 0).
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where L t k denotes the working time of a worker at workstation k at injection period t.
On the other hand, the idle time of worker is represented by 
3.2.3
Line stoppage due to delay from paint line Let us notice that the half-models from the paint line can be viewed equivalently as the parts from subline in the mixed-model assembly line. Then we can give the line stoppage time P t 0 due to the delay from the paint line just similarly to Eq.(5) as follows:
(t = 1,2,...,T ), where r pi is the average estimated supply rate of product model i from the paint line.
In the paint line, product models are to be shipped at irregular rate due to the difference of correction time and frequency of the defective products (see Fig.  6 ).
Painting line Input order
Re-painting products Hence, evaluation of Eq. (9) depends greatly on the accuracy of r pi . Then, we propose two approaches mentioned below to estimate this value. The first one is to calculate it as Eq. (10), i.e., the average over the expected actual injection interval (See also Fig.  7 ) and apply it all over the production period (n = 1,...,N ).
where σ is the defective rate of products at the paint line, C i the correction time for the defective product model i, and [·] a Gauss symbol. Another one is based on the input order at the paint line, and such estimation is updated at every production period (n = 1,...,N ) according to the following procedures.
Step 1 Forecast r pi by Eq.(10) from the input order to the paint line at n = 1.
Step 2 After the injection is completed at production period n, look into the quantity and the completion time (called "delivery information" hereinafter) of product model i in the buffer.
Step 3 Update r pi based on the delivery information of product model i acquired at n − 1.
3-1
Obtain the supply rate R pi,j (j = 1,2,...) at the moment when product model i is put into the buffer. 3-2 Average R pi,j and r pi to decide the supply rate r pi of the product model i at n by Eq.(12) (see also Fig. 8 ).
Step 4 If n = N , stop. Otherwise, let n := n + 1 and go back to Step 2. where α denotes a coefficient to represent how much weigh on the previous term estimate compared with the latest average estimate.
Solution Methods
Simulated Annealing
Simulated Annealing (SA) is a metaheuristic algorithm especially suitable for the global optimization in terms of giving a certain probabilistic perturbation [10, 11] . It borrows the idea from a physical mechanism known as annealing in metallurgy. By analogy with this physical process, SA tries to solve the optimization problem. In its solution, each point of the search space is compared to a state of some physical system, and the objective function to be minimized is interpreted as the internal energy status of the system. When the system attains the state with the minimum energy, we view that the optimal solution has been obtained. Its iteration process is described as follows.
Step 1 Generate an initial solution (let it be a current solution x), and also set an initial temperature T emp .
Step 2 Consider some neighbors of the current state, and select randomly a neighbor x in it as a possible solution.
Step 3 Decide probabilistically whether to move on state x or to stay at state x.
Step 4 Check the stopping condition, and if it is satisfied, stop. Otherwise, cool the temperature and go back to Step 2. The probability p(ΔE,T emp ) moving from the current solution to the neighbor in Step 3 depends on the difference between the respective objective function values (energy level) ΔE, a time-varying temperature T emp and a coefficient k.
The algorithm is designed so that the current solution changes almost randomly when T emp is high while the solution descends downhill as a whole with the decrease in temperature. The allowance for uphill moves during the process may avoid sticking at the local minima and make it possible to be a good approximation of the global optimum.
Weighting Method for Multi-objective Analysis
Under the mild conditions, we can derive the Pareto optimal solution set by solving the following singleobjective optimization problem repeatedly by a different set of weighting coefficient w i .
where X denotes an admissible region of a decision variable vector x, f i ,(i = 1,...,nn) objective function and w i weighting coefficient ( i w i = 1).
This simple but effective method is known as the weighting method [12] . Here, Pareto optimal or efficient solution is such a solution that is not outperformed completely by anyone. Hence, when we compare a pair of efficient solutions, each has at least one objective functions that are superior to the other.
The present problem refers to a combinatorial problem whose solution is NP-hard. Instead of solving this problem based on a mathematical programming technique such as Branch and Bound method, a simulationbased approach like meta-heuristic method is conveniently applicable. In practice, by describing the solution code of SA as an order of notation denoting the injected product with length T , it is easy to set up the code so as to satisfy the constraints Eqs. (1) and (2) automatically (See Fig. 9 ). In contrast, it is impossible to embed explicitly the feasibility of Eq. (3) into the coding. Hence, we introduce the penalty function method for this condition. That is, the internal energy (objective function value) is increased according to the degree of violation of this constraint.
where H denotes a penalty coefficient.
Numerical Experiment
Numerical experiments are carried out under the possible conditions shown in Table 1 . The results are evaluated based on the average over 100 data sets suitably generated randomly. To cope with the sequencing problem that belongs to a NP-hard solution class, SA is applied as a solution method for deriving a near optimal solution (Previously, we compared the performance between SA and GA and showed that SA outperformed GA in the similar sequencing problem.).
In its application, we give a first reference state by the random sequence of injection. Then swapping two arbitrarily chosen product models in the sequence generates the neighbors of state in the following search (See Fig. 10 ). In the exponential cooling schedule, the temperature is decreased by a fixed factor 0.8 at each step from the initial temperature 100
• C to the end of iteration. 
Preliminary Experiment
To show a preliminary advantage of the present idea, we compared the sequencing derived from a comprehensive aspect with that only from a single viewpoint [13] . For this purpose, we set the following objective function and minimize it subject to the conditions constrained by Eqs. (1) and (3) .
where the weighting factors among the stoppages due to the malfunction of paint line (ρ p ) and the inadequate sequencing (ρ a ) and the idle time (ρ w ) are set as 0.5, 0.4 and 0.1, respectively. We summarized the results both in Table 2 and Fig. 11 . Thereat, the total optimization ("Total sequencing") is compared with that neglecting the two terms in the above objective function, i.e., ρ p = ρ w = 0 ("Level sequencing"). From Fig. 11 , "Total sequencing" is known to achieve the decrease and stable volume in the inventory compared with "Level sequencing" over the production horizon. In Table 2 , we can observe the definite existence of trade-off between the volume of WIP inventory and the line stoppage but only slight difference regarding the idle time. These facts assert the significance to perform the multi-objective analysis between the inventory and the line stoppage. 
Result of Multi-objective Analysis
From the foregoing discussions, it is interesting to reveal the trade-off relation between the plant investment or the inventory volume and the production efficiency or the line stoppage time. To derive the Pareto optimal solution for this problem, we applied the weighting method mentioned in the preceding section. Presently, the objective function is described as follows. Volume of WIP inventory Points A and C correspond to the results obtained from the single-objective optimization, i.e., w 2 = 0, and w 1 = 0, respectively. Looking at this figure, we know these solutions are extremely one-sided nevertheless the line stoppage and the inventory are the most important common goals for the present problem. Around there, we can reduce the line stoppage time considerably only by a small increase in volume of inventory around its minimum value (A). Similarly, a big reduction of the volume of inventory is expected if we compromise the line stoppage time around C. Apparently, a better compromise of the present problem seems to be somewhere on the corner of the curve (around B).
Then, in Fig. 13 , we compared the advantage of the compromise solution corresponding to point B (w 1 = 0.42, w 2 = 0.58) with the arbitrary decisions or five hundred randomly generated injection sequences. It shows that we can achieve both goals more highly even than the respective best of the random sequencing.
Moreover, the WIP inventory at point B is depicted in Fig. 14 in comparison with the best of the random solutions that has the minimum value of objective function given by Eq. (14) with the same weighting coefficients as Point B. It attains at much smaller volume immediately and keeps its volume almost constantly against the deviations.
Conclusion
In this paper, we have considered a bi-objective sequencing problem of the mixed-model assembly line to increase the efficiency of line handling while reducing the WIP inventory simultaneously. For this Random over 500 solutions purpose, we formulated the problem as a combinatorial optimization problem that aims at minimizing these goals. In its formulation, we gave a forecasting scheme regarding the supply rate of product models from the paint line suffering uncertainties, i.e., the frequency and correction time necessary for the defective product models. We applied the weighting method to depict the Pareto optimal solution set each point of which was obtained by solving the weighted sum objective function using SA.
Through the experiments, we obtained the results with proper computation time and load to solve the NP-hard combinatorial optimization repeatedly. After all, we ascertain that the proposed approach provides a promising method to improve the efficiency of the line handling as well as to reduce the WIP inventory between the two lines through trade-off analysis.
For further studies, it is interesting to compare the effort and performance to derive the Pareto optimal front with the multi-objective SA [14] , and apply the multi-objective optimization method like MOON 2R [15] to obtain the preferentially optimal solution or best compromise solution of the decision maker. i is supplied to the assembly line at period t, and otherwise, 0. α: weighting coefficient in Eq. (12) . σ: defective rate of products at the paint line.
